Abstract. The performance of sparse reconstruction of compressed sensing becomes worse in low signal-to-noise ratio (SNR) environment, and thus the quality of sparse three-dimensional imaging of FASAR is greatly reduced. In this paper, an improved compressed sensing algorithm based on Hough transform is presented by using the continuity of sparse coefficient vector in the original range and slant-range two-dimensional space and the line detection method of Hough transform, which improve the sparse reconstruction performance of compressed sensing effectively. The simulation results show that the proposed method can effectively realize the sparse three-dimensional imaging of FASAR in low SNR environment.
Introduction
Since 1990s, array antenna is introduced to solve the problem of left and right ambiguity of forward-looking synthetic aperture radar (FSAR), which is named forward-looking array SAR, or FASAR for short. By the ability of cross-track resolution of array antenna, FASAR can also achieve two-dimensional imaging of the fan-shaped observation regions under and forward of aircraft [1] , which is a hot topic of airplane radar imaging. In combination with the virtual synthetic aperture formed by the movement of the platform along the flight direction, three-dimensional imaging of FASAR is presented by Dr. Reigber [2] , which has unique advantages in ground matching guidance, autonomous navigation and landing of aircraft in Ku and Ka band radar.
So far, a series of hot topics of FASAR have been studied [3] [4] [5] [6] , such as sparse array design, super-resolution in the cross-track direction, sparse sampling of the echo, three-dimensional imaging algorithm design, and so on. Because of the large number of elements and the high resolution, the data amount of this system is very large, which brings difficulties to data transmission, data storage and signal processing. The existing sparse sampling methods are mainly focused on antenna array, which can effectively simplify the design of array antenna reduce system cost by sparse array antenna and the data amount of the system [7] [8] [9] . However, since the very limited sparsity in the cross-track direction, the array sparse sampling method has very limited performance in reducing the amount of echo data.
To reduce the data amount greatly, another method is proposed using the sparsity property of echo. Because the penetration of the high frequency radar is very weak, the FASAR cannot penetrate the observation surface, and can only obtain the three-dimensional imaging of the observed ground. From the view point of the three-dimensional space, the observation surface of the ground occupies only a small part of the three-dimensional space, and it is sparse in the three-dimensional space. Due to the height direction and the along-track direction is not perpendicular to the beam sight direction, a method of sparse sampling by joint of distance and along-track direction and sparse three-dimensional imaging by compressed sensing is proposed, which greatly reduces the amount of echo data [10] [11] [12] . Actually, due to the small size of the receiving array element and high attenuation of the signal in the high frequency band, the SNR of FASAR is usually low, which caused the performance of compressed sensing imaging is reduced greatly. How to improve the performance of compressed sensing imaging for FASAR appears especially urgent. Inspired by the tracking before detection (TBD), we make full use of the structured information in the sparse coefficient vector of FASAR, put forward an improved orthogonal matching pursuit algorithm based on Hough transform, which improve the sparse reconstruction quality of compressed sensing and the three-dimensional imaging of FASAR.
Signal Model of FASAR
The observation geometry of FASAR is shown in Fig. 1 , where x-axis, y-axis and z-axis denote the along-track, cross-track and altitude direction, respectively. The aircraft flies horizontally along the x-axis with the velocity v and the height H. The receiving array antenna is placed along the y-axis with a length L and an interval d between each adjacent element. A single transmitting antenna lies below the center of the receiving array antenna with a distance δh. Meanwhile, signals are transmitted by the transmitting antenna in the form of pulse trains, and the backscattered signals are received by all the elements of the receiving array simultaneously.
In movement of the aircraft, the transmit and receive antennas transmit and receive each pulse at an uncertain interval. Here, we assume that the sampling interval ∆x between the adjacent along-track sampling position of the aircraft is random, which follows the uniform distribution and can be expressed as ∆x~ U[x min , x max ], where x min is the minimum sampling interval, which is larger than the minimum range non-ambiguity sampling interval, and x max is the maximum sampling interval, which determines the sampling rate to a large extent. Meanwhile, although the bandwidth and the chirp rate of each pulse is the same, the central frequency of each pulse is random and follows the uniform distribution, which is represented as f n~U [f c -B/2-∆B/2, f c +B/2-∆B/2]. Where f c is central frequency of the system, B is the total bandwidth of the system, ∆B is the bandwidth of each pulse. Suppose the along-track sampling position in the along-track direction is expressed as [ According to the surface scattering model of the ground, scattering ground can be regarded as many scattering sources of very small size, and the total echo signal can be expressed as ( )
where, p σ is the scattering coefficient of the point scattering source, a ( ) w ⋅ and r ( ) w ⋅ is the window function of antenna pattern and the transmitted pulse respectively, c is the speed of electromagnetic wave, n λ is the wave length of the n th transmit pulse, γ is the chirp rate, tr ( , )
is the round-trip distance between the transmitting and receiving antenna element and the scattering source, which is placed at ( )
The receiving echo of the array antenna at every along-track position x n can be utilized to form a two-dimensional SAR image, which is obtained by slant-range and cross-track direction focusing. Consequently, a sequence of SAR images can be described as
where, sinc(·) is the sinc function,
, k f is the normalized wavenumber which is a dimensionless quantity, c R is the center range of the ground,
. To correct the geometric distortion, the scaling algorithm is applied to the cross-track direction focusing and the scaling factor β is varied with the range time, which is represented as ( , ) n n p c R x x R β λ λ = . After the processing above, the peak value of the same scatterer in the image sequence could be located at the same cross-track position (see Fig.2 ), therefore, the along-track focusing can be done subsequently along the same cross-track position. Then the 3D image of the ground could be obtained by processing all the cross-track sections. In the along-track direction, the echo of each scattering source spans multiple distance cell, and its distance migration curve can be approximately represented as
where,
. The first order term is called range move, and the second and third order term is called range curvature. It can be seen from equation (4) that the along-track range migration should be corrected first before the along-track focusing and the focusing parameters are related to the cross-track position. Since the range resolution of each pulse is low and the millimeter wave radar has a shorter synthetic aperture, the impact of the curvature error on the envelope alignment can be neglected here, and the whole signal of each scatterer will fall in one range cell. Here, the fast time t is digitized to t m , and the echo signal after range move correction can be represented as
. Then, the three-dimensional imaging of FASAR can be obtained by along-track focusing process. However, the sampling position in the along-track direction is non-uniform and sparse, and how to focus in the along-track direction becomes the key to sparse three-dimensional imaging, which will be discussed in Section III.
The Continuity of Echo and the Compressed Sensing Model
Because of the locality of the sync function in equation (5), the echo sequence of each range cell and of each along-track cell only corresponds to the echo of the scatterers from a very limited three-dimensional space, which is markedly different from the conventional two-dimension SAR. As a result, the three-dimensional spatial range of the scattering source can be expressed as
According to the first inequality in equation (6), the echo sequence of each range cell and of each along-track cell can be depicted in Fig. 3 . The blue region represents the scattering region of the distance cell, and the green solid line represents a small scattering ground around the scattered region, and other locations will not produce radar echo signals. Strictly speaking, this small scattering ground contains lots of scattering sources. However, due to the limitation of radar resolution, many scattering sources in a resolution cell can be equivalent to an independent source, so the number of independent scattering source depends upon the number of two-dimensional resolution cell occupied in the small scattering ground. Suppose that each rectangle in the blue region in Fig. 3 represents a resolution cell, the number of scattering sources is the number of rectangular boxes traversed by the green solid line, which is also related to the two-dimensional topography. It can be seen that the scattering ground occupies only a limited number of resolution cells, and this number is much less than the number of sampling pulses. can be represented as the energy sum of finite scattering sources as follow.
where J is the number of scattering sources, and these scattering sources are located in a finite two-dimensional space defined by the equation (6) . However, since the location of scattering sources is unknown, it is necessary to search and detect these scattering sources in the space determined by the equation (6) . In order to search out the location of scattering source, each grid in Fig. 3 corresponds to a possible scattering source, and each grid is smaller than the range and cross-range resolution. A one-dimensional scattering coefficient vector , (5), and each column vector is normalized [12] . The equation (7) can be changed to vector form as follows. Equation (8) can be considered as a compressed sensing sparse reconstruction problem of finding the scattering sources of limited in number, so the detection problem of the scattering source is transformed into the compressed sensing sparse reconstruction problem. If the signal vector , m k S for each m and k can be reconstructed, the scattering coefficients of the entire three-dimensional space are obtained to achieve three-dimensional imaging. Therefore, the problem of three-dimensional imaging of FASAR is transformed into M×K compressed sensing sparse reconstruction problem, and how to realize sparse reconstruction becomes the key of sparse three-dimensional imaging of FASAR.
Sparse Reconstruction of Compressed Sensing Based on Hough Transform
Greedy algorithm is a common algorithm for signal reconstruction of compressed sensing, such as OMP, CoSaMP, and so on. They have the advantages of small computational complexity, especially for large amount of data or strong real-time environments. Each of these algorithms attempts to pick one or more of the highest probability scattering sources in each iteration step. In the case of low SNR, the probability of selecting error scattering source is greatly increased, so the performance of greedy compressed sensing algorithm is greatly reduced at low SNR. According to the distribution characteristics of scattering sources in FASAR depicted in Fig. 3 , a feasible method is: In each iteration, the evaluation results is transformed to the two-dimensional domain, and the optimal results is selected in the two-dimensional domain, Fig.3 for example. And then, map the optimal results to the original scattering coefficient vector, and find the highest probability of scattering source, and furtherly iterative. For example, the transformed signal in the two-dimensional range and slant-rang space behave as a straight line, when the ground undulations are not particularly severe in FASAR. If these straight segments could be detected directly, the error probability of atom detection at each iterative will be reduced. Hough transform is a mature method of line detection and extraction in digital image processing, which transforms a line in the image domain into a peak value in the parameter domain, and then extracts the corresponding line in the image domain according to the peak value in the parameter domain. As a result, the improved OMP algorithm based on Hough transform can be stated as follows. (the maximum iteration counter), return to Step 2, otherwise to the next step.
Step 7: Let i Γ be the new measurement matrix, S be the signal, K be the sparsity, the optimal result out V can be solved by the OMP algorithm.
Experiments
In this section, simulation experiments are carried out to verify the validity of the compressed sensing imaging algorithm proposed above. The main parameters used for the simulation are listed in Table I . In the simulation of echo, the flight length of the carrier is about 80m, the adjacent pulse interval obeys the uniform distribution [0.02, 0.18]. The sparse sampling ratio is approximately 1/10 of fully sampling in the along-track direction, and the receiving SNR is about 0dB. Firstly, the performance of sparse reconstruction in the along-track direction is analyzed. Assuming that the sparsity is 10 and the scattering coefficient obeys the complex Gauss distribution, the performance of full reconstruction and 60% reconstruction is shown in figure 4 , where each sample was achieved across 1000 Monte-Carlo simulation, and 60% reconstruction means the given sparsity is the 60% of the true sparsity, and the reconstruction is successful if the position of reconstruction coefficient are all located in the true sparse coefficients. It can be seen that this method is superior to OMP and CoSaMP methods, and the method can reconstruct with the probability of 98.5% under the condition of 60% reconstruction, especially when the SNR is only 0dB. The following sparse three-dimensional imaging experiments are performed using 60% sparse reconstruction. The three-dimensional imaging results of horizontal ground and undulating ground are shown in Fig. 5 and Fig. 6 , where the average height error of the reconstruction ground is less than 0.1m. The simulation results show that even if the echo SNR is only 0dB, the sparse reconstruction method based on Hough transform with 60% sparsity can effectively recover the surface scattering information, and thus achieving three-dimensional imaging. 
Conclusion
For sparse recovery of compressed sensing of FASAR, although sparse solution is not continuous, the sparse signal in a higher dimensional space may be continuous in certain direction. The use of this feature can effectively improve the quality of the signal recovery of compressed sensing. Using this method, the quality of sparse three-dimensional imaging of FASAR is improved in the low SNR environment. The experimental results show that the proposed method can effectively realize the sparse three-dimensional imaging of FASAR even if the signal-to-noise ratio is only 0dB.
